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TORSION OF RATIONAL ELLIPTIC CURVES OVER QUARTIC GALOIS
NUMBER FIELDS
MICHAEL CHOU
Abstract. Let E be an elliptic curve defined over Q, and letK be a number field of degree four that
is Galois over Q. The goal of this article is to classify the different isomorphism types of E(K)tors.
1. Introduction
Let E be an elliptic curve defined over Q. Given a number field K, we may consider E as an
elliptic curve defined over K and examine the structure of the points of E with coordinates in K,
denoted E(K). We have the following fundamental theorem describing the structure of E(K):
Theorem 1.1 (Mordell-Weil). Let E be an elliptic curve over a number field K. The group of
K-rational points, E(K), is a finitely generated abelian group.
By the fundamental theorem of finitely generated abelian groups it follows that, for any elliptic
curve E over K, there exists an integer rK > 0 depending on K such that
E(K) ∼= E(K)tors ⊕ ZrK
where E(K)tors is a finite group. We call rK the rank of E over K, and we call E(K)tors the torsion
subgroup of the E over K. A natural question is which groups can arise as torsion subgroups of
elliptic curves over certain number fields.
In this paper we obtain a classification of the torsion subgroup of elliptic curves with rational
coefficients over number fields K that are quartic Galois extensions of Q. We separate the classifica-
tion based on the isomorphism type of Gal(K/Q). If Gal(K/Q) ∼= Z/4Z we call K a cyclic quartic
extension of Q, and if Gal(K/Q) ∼= Z/2Z ⊕ Z/2Z we call K a biquadratic extension of Q.
The main results of this article are as follows:
Theorem 1.2. Let E/Q be an elliptic curve, and let K be a quartic Galois extension of Q. Then
E(K)tors is isomorphic to one of the following groups:
Z/N1Z, N1 = 1, . . . , 16, N1 6= 11, 14,
Z/2Z⊕ Z/2N2Z, N2 = 1, . . . , 6, 8,
Z/3Z⊕ Z/3N3Z, N3 = 1, 2,
Z/4Z⊕ Z/4N4Z, N4 = 1, 2,
Z/5Z⊕ Z/5Z,
Z/6Z⊕ Z/6Z.
Each of these groups, except for Z/15Z, appears as the torsion structure over some quartic Galois
field for infinitely many (non-isomorphic) elliptic curves defined over Q.
The proof of this theorem is broken up based on the structure of Gal(K/Q) and so, in fact, we
have the following more specialized theorems:
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Theorem 1.3. Let E/Q be an elliptic curve, and let K be a quartic Galois extension with Gal(K/Q) ∼=
Z/4Z. Then E(K)tors is isomorphic to one of the following groups:
Z/N1Z, N1 = 1, . . . , 10, 12, 13, 15, 16,
Z/2Z⊕ Z/2N2Z, N2 = 1, . . . , 6, 8,
Z/5Z⊕ Z/5Z.
Theorem 1.4. Let E/Q be an elliptic curve, and let K be a quartic Galois extension with Gal(K/Q) ∼=
Z/2Z⊕ Z/2Z. Then E(K)tors is isomorphic to one of the following groups:
Z/N1Z, N1 = 1, . . . , 10, 12, 15, 16,
Z/2Z ⊕ Z/2N2Z, N2 = 1, . . . , 6, 8,
Z/3Z ⊕ Z/3N3Z, N3 = 1, 2,
Z/4Z ⊕ Z/4N4Z, N4 = 1, 2,
Z/6Z ⊕ Z/6Z.
The proof of Theorem 1.4 is simply a collection of known results, and so we give a simple expla-
nation of the proof in Section 2. The proof of Theorem 1.3 is more involved. Section 3 will show
the tools involved in the proof, and Section 4 will contain the actual proof. Finally, Section 5 will
contain examples and references of infinite families for each torsion subgroup appearing in Theorem
1.2 to finish the proof.
This work is inspired by the many classifications of torsion subgroups of elliptic curves over number
fields. To begin. the classification of torsion structures of elliptic curves over Q was done by Mazur
[16] who proved the following theorem on the torsion of an elliptic curve over Q.
Theorem 1.5 (Mazur [16]). Let E be an elliptic curve defined over Q. Then E(Q)tors is isomorphic
to one of the following 15 groups:
Z/N1Z, 1 ≤ N1 ≤ 12, N1 6= 11,
Z/2Z ⊕ Z/2N2Z, 1 ≤ N2 ≤ 4.
Each of these groups actually appear as the torsion subgroup of infinitely many (isomorphism
classes of) elliptic curves over the rationals.
The classification of torsion subgroups of elliptic curves defined over quadratic number fields was
answered by Kamienny, Kenku, and Momose:
Theorem 1.6 (Kamienny [10], Kenku, Momose [12]). Let K be a quadratic number field, and let E
be an elliptic curve defined over K. Then E(K)tors is isomorphic to one of the following groups:
Z/N1Z, 1 ≤ N1 ≤ 18, N1 6= 17,
Z/2Z ⊕ Z/2N2Z, 1 ≤ N2 ≤ 6,
Z/3Z ⊕ Z/3N3Z, N3 = 1, 2,
Z/4Z ⊕ Z/4Z.
Again, each of these groups actually appear as the torsion subgroup of infinitely many (isomor-
phism classes of) elliptic curves over quadratic number fields.
However, already in degree 3 number fields, we have yet to find a complete classification of the
torsion subgroups of elliptic curves defined over cubic number fields.
For number fields of degree 3, the torsion subgroups of elliptic curves defined over cubic number
fields appearing infinitely often for non-isomorphic elliptic curves have been classified by Joen, Kim,
and Schweizer.
2
Theorem 1.7 (Jeon, Kim, Schweizer [9]). Let K be a cubic number field, and let E be an elliptic
curve defined over K. The groups appearing as E(K)tors infinitely often for non-isomorphic elliptic
curves are precisely:
Z/N1Z, 1 ≤ N1 ≤ 20, N1 6= 17, 19,
Z/2Z⊕ Z/2N2Z, 1 ≤ N2 ≤ 7.
From the case over Q and the case over quadratic number fields, we might expect this to be a full
list of all torsion subgroups of elliptic curves over cubic number fields. However, Najman showed
that the curve
y2 + xy + y = x3 − x2 − 5x− 5
has torsion subgroup isomorphic to Z/21Z over the cubic field Q(ζ9)
+, so the above list must be in-
complete. It remains to see whether there are any other torsion subgroups appearing in only finitely
many elliptic curves over cubic number fields.
Jeon, Kim, and Park have also determined which groups appear as E(K)tors infinitely often for
quartic number fields K but, similar to the cubic case, there may be other torsion subgroups ap-
pearing only finitely many times.
Theorem 1.8 (Jeon, Kim, Park, [8] Theorem 3.6). If K varies over all quartic number fields and
E varies over all elliptic curves defined over K, the group structures that appear infinitely often as
E(K)tors are exactly the following:
Z/N1Z, N1 = 1, . . . , 18, 20, 21, 22, 24
Z/2Z ⊕ Z/2N2Z, N2 = 1, . . . , 9
Z/3Z ⊕ Z/3N3Z, N3 = 1, 2, 3
Z/4Z ⊕ Z/4N4Z, N4 = 1, 2
Z/5Z ⊕ Z/5Z,
Z/6Z ⊕ Z/6Z.
In fact, all of these torsion structures already occur infinitely often if K varies over all quadratic
extensions of all quadratic number fields, that is, all biquadratic number fields.
In all of the above cases we have allowed our elliptic curves to be defined over the number fields
themselves. However, it is often in one’s interest to only consider elliptic curves defined over Q and
see what torsion subgroups arise if we base extend these curves to higher degree number fields. In
a paper by Najman, the classification of torsion structures of rational elliptic curves over quadratic
number fields is given:
Theorem 1.9 (Najman, [17], Theorem 2). Let E be an elliptic curve defined over Q, and let F be
a quadratic number field. ThenE(F )tors is isomorphic to one of the following groups
Z/N1Z, N1 = 1, . . . , 10, 12, 15, 16
Z/2Z⊕ Z/2N2Z, 1 ≤ N2 ≤ 6
Z/3Z⊕ Z/3N3Z, N3 = 1, 2
Z/4Z⊕ Z/4Z.
Each of these groups, except for Z/15Z, appears as a torsion structure over a quadratic field for
infinitely many rational elliptic curves E.
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The main result of [17] is the classification of torsion structures of rational elliptic curves over
cubic number fields:
Theorem 1.10 (Najman, [17], Theorem 1). Let E be an elliptic curve defined over Q, and let K/Q
be a cubic extension. Then, E(K)tors is one of the following groups:
Z/N1Z, N1 = 1, . . . , 10, 12, 13, 14, 18, 21
Z/2Z⊕ Z/2N2Z, N2 = 1, 2, 3, 4, 7.
More generally, in [15] there is a conjectural formula for each d > 0 for the set of primes dividing
the size of the E(K)tors, where K is a number field of degree d, and E an elliptic curve defined over
Q.
Ideally a similar classification as in Theorem 1.10 may be achieved for all quartic number fields.
This article puts forth the first steps by classifying torsion subgroups over a subset of quartic number
fields, namely number fields that are Galois over Q.
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2. Torsion over biquadratic number fields
Fujita classified the torsion of elliptic curves defined over Q extended to the maximal elementary
2-abelian extension L = Q({√m : m ∈ Z}).
Theorem 2.1 (Fujita [3], Theorem 2). Let E be an elliptic curve defined over Q. Let L := Q({√m :
m ∈ Z}). Then the torsion subgroup E(L)tors is isomorphic to one of the following 20 groups:
Z/2Z ⊕ Z/2NZ, N = 1, 2, 3, 4, 5, 6, 8,
Z/4Z ⊕ Z/4NZ, N = 1, 2, 3, 4,
Z/2NZ⊕ Z/2NZ, N = 3, 4
or {0}, Z/3Z, Z/3Z⊕ Z/3Z, Z/5Z, Z/7Z, Z/9Z, Z/15Z. Moreover, there exists an elliptic curve
E over Q which realizes each group listed above as E(L)tors.
Certainly, if E is an elliptic curve over Q and K = Q(
√
m,
√
n) for some square-free m,n ∈ Z,
then E(K)tors ≤ E(L)tors, and so this gives the following list of possibilities for E(K)tors:
Z/NZ N = 1, . . . , 10, 12, 15, 16.
Z/2Z ⊕ Z/2NZ, N = 1, 2, 3, 4, 5, 6, 8,
Z/4Z ⊕ Z/4NZ, N = 1, 2, 3, 4,
Z/2NZ ⊕ Z/2NZ, N = 3, 4,
Z/3Z ⊕ Z/3Z,
Z/3Z ⊕ Z/6Z.
First we wish to show that any group in Najman’s classification in Theorem 1.9 must also appear
over a biquadratic extension of Q by adjoining a square root that will not add any torsion points.
This is done with the following lemma:
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Lemma 2.2. Let E be an elliptic curve defined over Q. Given a quadratic field F1/Q, there is a
quadratic field F2/Q such that E(F1F2)tors ∼= E(F1)tors.
Proof. Let E be an elliptic curve defined over Q, and let F1 be a quadratic field. Let L denote the
maximal elementary 2-abelian extension of Q. Then, E(F1)tors ⊆ E(L)tors. Let M be the field of
definition of all the points in E(L)tors. Since by Theorem 2.1 there are only finitely many points in
E(L)tors, it follows that M is a finite extension of Q with E(M)tors ∼= E(L)tors. Pick a d ∈ Z such
that
√
d 6∈M . Then
E(L)tors ∼= E(M)tors ∼= E(M(
√
d))tors,
that is, no torsion points are gained by adjoining
√
d. Thus, setting F2 = Q(
√
d), we have that
E(F1)tors ∼= E(F1F2)tors. 
This leaves us with six cases to verify:
Z/2Z ⊕ Z/16Z
Z/4Z ⊕ Z/4NZ, N = 2, 3, 4,
Z/6Z ⊕ Z/6Z,
Z/8Z ⊕ Z/8Z.
In [7] Theorem 4.10 and Theorem 4.11, Jeon, Kim, Lee construct an infinite family of curves
defined over Q such that E(K)tors ∼= Z/4Z ⊕ Z/8Z and E(K)tors ∼= Z/6Z ⊕ Z/6Z for biquadratic
fields K (see section 5 for infinite families of such curves). Further, in Fujita’s paper [3] he gives an
example of a curve E : y2 = x(x2 − 47x + 163) such that E(L)tors ∼= Z/2Z ⊕ Z/16Z, but in fact
already over a biquadratic extension K = Q(
√−7,√−15), we have E(K)tors ∼= Z/2Z⊕ Z/16Z.
Thus, we need only to verify three cases:
Z/4Z ⊕ Z/12Z, Z/4Z⊕ Z/16Z, Z/8Z⊕ Z/8Z.
Proposition 2.3. Let E be an elliptic curve defined over Q, and let K be a biquadratic number field.
Then, E(K)tors is not isomorphic to Z/8Z⊕ Z/8Z.
Proof. Let L denote the maximal elementary 2-abelian extension of Q. Suppose E(K)tors ∼= Z/8Z⊕
Z/8Z. From [3], Proposition 11, if E(Q)tors is cyclic, then we have E(L)tors 6⊇ Z/8Z ⊕ Z/8Z. Since
E(K)tors ⊆ E(L)tors, this implies that if E(Q)tors is cyclic, then E(K)tors 6⊇ Z/8Z ⊕ Z/8Z. Thus,
we may assume that E(Q)tors is not cyclic. From [3] in his closing remarks shows that Z/8Z⊕Z/8Z
occurs in number fields of degree 16 or greater if E is an elliptic curve over Q with non-cyclic torsion
over Q. 
Finally Najman and Bruin show in [1] that Z/4Z ⊕ Z/12Z and Z/4Z ⊕ Z/16Z do not appear as
torsion subgroups for any elliptic curves over any quartic number fields K (not just elliptic curves
defined over Q).
Theorem 2.4 (Bruin, Najman, [1], Theorem 7). The following groups do not occur as subgroups of
elliptic curves over quartic fields:
Z/3Z ⊕ Z/12Z, Z/3Z⊕ Z/18Z, Z/3Z⊕ Z/27Z,
Z/3Z ⊕ Z/33Z, Z/3Z⊕ Z/39Z, Z/4Z⊕ Z/12Z,
Z/4Z ⊕ Z/16Z, Z/4Z⊕ Z/28Z, Z/4Z⊕ Z/44Z,
Z/4Z ⊕ Z/52Z, Z/4Z⊕ Z/68Z, Z/8Z⊕ Z/8Z.
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3. Auxillary Results
In this section we show a series of results needed to in the proof of Theorem 1.3. We begin by
proving a lemma for determining when a quartic extension is cyclic.
Lemma 3.1. Let K be a quartic Galois number field. Then K can be written in the form K =
Q(
√
m)(
√
α) for some square free m ∈ Q and some α ∈ Q(√m). Writing α = a + b√m for some
a, b ∈ Q, we have the following:
Gal(K/Q) ∼= Z/4Z⇔ a
2
m
− b2 = 1 for some a 6= 0, b 6= 0
Proof. Notice that if b = 0 then K is a biquadratic extension of Q and so Gal(K/Q) ∼= V4. If a = 0,
then K = Q( 4
√
m) which is not a Galois extension of Q. Suppose Gal(K/Q) ∼= Z/4Z, i.e. K is
cyclic Galois over Q. Then the field K must contain both
√
a+ b
√
m and
√
a− b√m since they are
conjugates. For ease of notation we will call
√
a+ b
√
m = β and
√
a− b√m = β. The other two
conjugates differ only by a negative sign so we may claim that K is a Galois extension if and only if
β ∈ K.
So we have that K is Galois if and only if Q(β) = Q(β). This holds if and only if√
a+ b
√
m = c2
√
a− b√m
for some c ∈ Q(√m), i.e. √
a+ b
√
m√
a− b√m =
(a+ b
√
m)2
a2 − b2m = c
2
so if and only if a2 − b2m is a square in Q(√m). Writing this out we have:
a2 − b2m = (d+ e√m)2 = d2 + 2ed√m+ e2m
for some d, e ∈ Q. Either d = 0 or e = 0. If e = 0, then we have a2 − b2m = d2. Then
ββ =
√
a2 − b2m = d, and some β = d
β
. However, then any σ in the Galois group of K has order at
most 2, since either σ sends β to −β in which case it is clear that σ has order two, or σ sends β to
β in which case
σ2(β) = σ(β) = σ
(
d
β
)
=
d
σβ
= β.
Thus K is Galois cyclic if and only if a2 − b2m = e2m for some e ∈ Q, a 6= 0, b 6= 0.
Dividing through by e2 and absorbing it into a2 and b2 we get a nicer criterion:
a2
m
− b2 = 1.

We use this to prove the next lemma, which in turn limits the amount of n-torsion that appears
in E(K).
Lemma 3.2. Let K be a cyclic quartic extension of Q. Let F be the (unique) intermediate quadratic
subfield of K. Then, F is totally real.
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Proof. From above, if F = Q(
√
m), then a quadratic extension of F , say F (
√
a+ b
√
m) for some
a, b ∈ Q, is quartic cyclic if and only if a2
m
− b2 = 1. Suppose m < 0, then there are no solutions over
the reals to a
2
m
− b2 = 1, and so there is no quadratic extension of F that is a cyclic quartic number
field. Therefore, if F is contained in a cyclic quartic extension, F = Q(
√
m) for some m > 0, i.e. F
is totally real. 
Lemma 3.3. Let K be a cyclic quartic extension of Q, and let E be an elliptic curve over Q. If
E(K)tors ∼= Z/nZ⊕ Z/nZ, then n = 1, 2, 5, or 10.
Proof. Suppose E(K)tors ∼= Z/nZ ⊕ Z/nZ. By the existence of the Weil pairing, full n-torsion is
defined over a number field K only if the nth roots of unity are defined over K. In particular we
have Q(ζn) ⊆ K. where ζn denotes a primitive nth root of unity. Thus we have
[K : Q(ζn)][Q(ζn) : Q] = [K : Q] = 4
and so [Q(ζn) : Q] divides 4. However, notice that Q(ζ4) = Q(i) and Q(ζ3) = Q(
√−3) are not
contained in any cyclic quartic number field because of Lemma 3.2. Therefore, n is not divisible
by 3 or 4. Now examining values of ϕ(n) = [Q(ζn) : Q] shows that the only possibilities for n are
1, 2, 5, or 10. 
In fact, Bruin and Najman in [1] show that it is impossible for full 10-torsion to be defined over
a quartic number field (see Theorem 4.2).
A vital tool that will be used is the complete classification of Q-rational points on X0(N) for any
N . This work was completed due to Fricke, Kenku, Klein, Kubert, Ligozat, Mazur, and Ogg, among
others.
Theorem 3.4. If E/Q has an n-isogeny over Q, then n ≤ 19 or n ∈ {21, 25, 27, 37, 43, 67, 163}. If
E does not have complex multiplication, then n ≤ 18 or n ∈ {21, 25, 37}.
See [15], Theorem 9.5 for a more detailed discussion of this Theorem.
The following lemma helps us understand the 2-torsion of an elliptic curve over Q.
Lemma 3.5. Let K be a number field of degree not divisible by 3, and let E be an elliptic curve over
Q. If E(Q)[2] = {O}, then E(K)[2] = {O}.
Proof. Suppose E(Q)[2] is trivial. We may find a model for E in the form y2 = f(x) for some cubic
polynomial f . Since the 2-torsion points of E are all of the form (α, 0) for a root α of f , it follows
that f is irreducible over Q. Thus, the field of definition of any 2-torsion point of E is Q(α) for some
root α of f , which is a degree 3 number field. Since K is of degree not divisible by 3, it follows that
Q(α) 6⊆ K for any root α of f , and thus, E(K) contains no non-trivial points of order 2. 
The following Lemma gives a criterion for a point to be halved:
Lemma 3.6 (Knapp [13], Theorem 4.2, p. 85). Let K be a field of characteristic not equal to 2 or
3, and let E be an elliptic curve over K given by y2 = (x− α)(x− β)(x− γ) with α, β, γ in K. For
P = (x, y) ∈ E(K), there exists a K-rational point Q = (x′, y′) on E such that [2]Q = P if and only
if x − α, x − β, and x − γ are all squares in K. In this case, if we fix the sign of √x− α,√x− β,
and
√
x− γ, then x′ equals one of the following:
√
x− α
√
x− β ±√x− α√x− γ ±
√
x− β√x− γ + x
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or
−√x− α
√
x− β ±√x− α√x− γ ∓
√
x− β√x− γ + x
where the signs are taken simultaneously.
The following lemma gives a bound on when full p-torsion may appear over a number field.
Lemma 3.7. Let E/Q be an elliptic curve and let K/Q be a number field of degree n such that E
has full p-torsion defined over the Galois closure of K. Then p − 1 ≤ g(n) where g(n) denotes the
Landau function.
Proof. Let L be the Galois closure ofK. If full p-torsion is defined over E(L), then by the existence of
the Weil pairing, Q(ζp) ⊆ L. Since L is the Galois closure of a degree n number field, Gal(L/Q) ≤ Sn.
By Galois theory we have that Gal(Q(ζp)/Q) ∼= (Z/pZ)× is a quotient of Gal(L/Q). Thus, we must
have an element of order p − 1 in Sn. Since the highest order element in Sn is given by g(n), it
follows that p− 1 ≤ g(n). 
Here is a table of the first couple values for g(n):
n 1 2 3 4 5 6 7 8
g(n) 1 2 3 4 6 6 12 15
The following proposition shows when torsion points over a quartic field K are actually defined
over an intermediate quadratic field.
Proposition 3.8. Let p ≡ 3 mod 4 be a prime with p ≥ 7. Let E/Q be an elliptic curve and let
K/Q be a quartic field such that E(K)tors contains a point P of order p.
Then either:
• P is defined over Q, i.e., P ∈ E(Q)[p]
• There is F/Q, F ⊆ K, [F : Q] = 2 such that P ∈ E(F )[p].
Proof. Let L denote the Galois closure of K. Now, consider the Galois representation of Gal(Q/Q)
on E[p] by fixing a basis {P,Q} of E[p]:
ρ : Gal(Q/Q)→ GL2(Fp).
Without loss of generality let P be the point defined overK. Let σ ∈ Gal(L/Q). Then P σ = αP+βQ
for some α, β ∈ Fp. But since P σ−αP = P σ+(p−α)P = βQ ∈ E(L), it follows that β = 0 otherwise
E(L) would have full p-torsion, which is impossible by Lemma 3.7 (notice that g(4) = 4). Thus, we
have that P σ ∈ 〈P 〉 for all σ ∈ Gal(L/Q). In fact, since Gal(L/Q) ∼= Gal(Q/Q)/Gal(Q/L) it follows
that
P σ ∈ 〈P 〉 for all σ ∈ Gal(Q/Q)
Thus, the image of ρ is contained in a Borel subgroup of GL2(Fp). Suppose
ρ(σ) =
(
ϕ(σ) τ(σ)
0 ψ(σ)
)
where ϕ,ψ are Fp-valued characters of Gal(Q/Q) and τ : Gal(Q/Q)→ Fp. Notice that if P σ = aP ,
then ϕ(σ) = a. Thus, we have that the field of definition Q(P ) = F where F is defined by
ker(ϕ) = Gal(Q/F ).
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Now we claim that [Q(P ) : Q] = # imϕ which can be seen as follows: Let H be the subgroup
of G = Gal(L/Q) fixing Q(P ). Then
# imϕ = #{P σ : σ ∈ G} = |G||H| = [Q(P ) : Q]
Now, since imϕ ≤ F×p , we have that
# imϕ | p− 1.
Also since Q(P ) ⊆ K we have that
# imϕ = [Q(P ) : Q] | [K : Q] = 4.
Now, since p 6≡ 1 mod 4, it follows that # imϕ = 1 or 2, proving the proposition. 
Notice we can make use of this proposition to narrow the list of possible torsion subgroup struc-
tures.
Proposition 3.9. The following subgroups do not appear as torsion subgroups over any quartic
number field of any elliptic curve defined over Q:
Z/14Z,Z/2Z ⊕ Z/14Z
Proof. Let E be an elliptic curve over Q, and let K be a quartic number field. Suppose E(K) ∼=
Z/14Z. Suppose further that E(Q)[2] 6= 0. If E(Q)[7] 6= 0, then E has a rational torsion point of
order 14, impossible by the classification of Mazur. Thus, since E(K)[7] 6= 0, Proposition 3.8 gives
that there exists a quadratic field F ⊆ K such that E(F )[7] = E(K)[7] 6= 0. But E(Q)[2] 6= 0
implies that E(F )[2] 6= 0 implying that E(F )[14] 6= 0 which is impossible by the classification of
torsion subgroups of elliptic curves defined over Q over quadratic number fields.
Thus, E(Q)[2] = 0. But this contradicts 3.5, since E(K)[2] 6= 0. Suppose E(K) ∼= Z/2Z ⊕ Z/14Z.
By the same argument as above we will reach the same contradiction. 
When the field K is Galois over Q the following lemma helps to determine when an elliptic curve
defined over Q has an n-isogeny defined over Q:
Lemma 3.10. Let K be a Galois extension of Q, and let E an elliptic curve over Q. If E(K)[n] ∼=
Z/nZ, then E has an n-isogeny over Q.
Proof. Let {P,Q} be a Z/nZ-basis for E[n]. Without loss of generality we may assume P ∈ E(K)
and Q 6∈ E(K). Let σ ∈ Gal(Q/Q). Since K is Galois over Q, and P ∈ E(K)[n], it follows that
P σ ∈ E(K)[n]. By assumption, E(K)[n] = 〈P 〉 and thus P σ ∈ 〈P 〉. Therefore 〈P 〉 is stable under
the action of Gal(Q/Q), which implies E has an n-isogeny over Q. 
This combined with the complete classification of rational n-isogenies limits the possible torsion
subgroups for elliptic curves over Q in Galois extensions of Q.
Corollary 3.11. Let E be an elliptic curve over Q, and K a Galois extension of Q. If E(K) has a
point of order n= 39, 49, 81, 91, 169, then E(K)[n] is not cyclic.
If we further limit that K is cyclic quartic, then we obtain the following proposition:
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Proposition 3.12. Suppose K is a cyclic quartic number field and E is an elliptic curve over Q.
Suppose E(K) has a point of order n for some odd n relatively prime to 5. Then E/Q has an
n-isogeny over Q.
Proof. Choose a basis {P,Q} of E[n] such that P ∈ E(K). Let G = Gal(K/Q) = 〈σ〉. Then
P σ = αP +βQ for some α, β ∈ Z/nZ. Then (n−α)P +P σ = βQ ∈ E(K) so β = 0, otherwise E(K)
would contain full l-torsion for some l | n, which is impossible since K does not contain any lth roots
of unity by Lemma 3.3. So, 〈P 〉 is fixed by the action of G, and since the action of Gal(Q/Q) factors
through G, we have that 〈P 〉 is fixed by the action of the entire group Gal(Q/Q). Thus, E/Q has
an n-isogeny over Q. 
The following two theorems are useful in looking at how specifically the torsion can grow from Q
to F to K, where F is the intermediate quadratic number field. See the references given for more
detail on them.
Theorem 3.13 (Gonza´lez-Jime´nez, Tornero [4], Theorem 2). Let Φ(1) be the set of isomorphism
classes of torsion subgroups for an elliptic curve over Q. For a given group G ∈ Φ(1), let ΦQ(2, G)
denote the possible isomorphism classes of E(F )tors for an elliptic curve E such that E(Q)tors ∼= G
and F a degree 2 extension of Q. For G ∈ Φ(1), the set ΦQ(2, G) is the following:
G ΦQ(2, G)
C1 {C1, C3, C5, C7, C9}
C2 {C2, C4, C6, C8, C10, C12, C16, C2 × C2, C2 × C6, C2 × C10}
C3 {C3, C15, C3 × C3}
C4 {C4, C8, C12, C2 × C4, C2 × C8, C2 × C12, C4 × C4}
C5 {C5, C15}
C6 {C6, C12, C2 × C6, C3 × C6}
C7 {C7}
C8 {C8, C16, C2 × C8}
C10 {C10, C2 × C10}
C12 {C12, C2 × C12}
C2 × C2 {C2 × C2, C2 × C4, C2 × C6, C2 × C8, C2 × C12}
C2 × C4 {C2 × C4, C2 × C8, C4 × C4}
C2 × C6 {C2 × C6, C2 × C12}
C2 × C8 {C2 × C8}
The next theorem limits the number of Q-isogenies a particular elliptic curve over Q can have.
Theorem 3.14 (Kenku [11] Theorem 2). There are at most 8 Q-isomorphism classes of elliptic
curves in each Q-isogeny class.
In particular, the various combinations of isogenies are classified in that paper. For example
there are only 8 Q-isogeny classes of an elliptic curve if there are eight 2-powered isogenies or four
2-powered isogenies and two 3-powered isogenies (see the reference for more detail).
The final lemma in this section relate torsion in a quadratic extension to torsion over the base
field.
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Lemma 3.15. Let E be an elliptic curve defined over F , α square-free in F , K = F (
√
α). If n is
odd, then there exists an isomorphism
E(K)[n] ∼= E(F )[n] ⊕ Eα(F )[n].
Proof. See Corollary 1.3 (ii) and Lemma 1.4 (ii) in [14] 
Finally, in order to examine how the 2-torsion can grow from Q to a quartic field K, the following
corollary of Rouse, Zureick-Brown is quite helpful.
Theorem 3.16 (Rouse, Zureick-Brown, [18], Corollary 1.2). Let E be an elliptic curve over Q
without complex multiplication. Then the index of ρE,2∞(Gal(Q/Q)) divides 64 or 96; all such indices
occur. Moreover, the image of ρE,2∞(Gal(Q/Q)) is the inverse image in GL2(Z2) of the image of
ρE,32(Gal(Q/Q))
4. Torsion over cyclic quartic number fields
In this section we give the proof of Theorem 1.3 in a series of propositions and lemmas. We will
first bound the structure of the p-Sylow subgroups of E(K)tors for cyclic quartic number fields K and
elliptic curves E/Q. Then, we will prove certain order torsion points cannot appear in E(K). Finally,
we will provide examples of elliptic curves over Q that achieve each prescribed torsion subgroup over
a cyclic quartic number field K.
We narrow down the possible torsion subgroups for E(K) with the next proposition:
Proposition 4.1. Let E be an elliptic curve over Q. Let K a cyclic quartic extension of Q. Then
E(K)tors ⊆ (Z/2Z⊕ Z/16Z)⊕ Z/9Z⊕ (Z/5Z ⊕ Z/5Z)⊕ Z/7Z⊕ Z/13Z.
Proof. Let E(K)[p∞] denote the p-Sylow subgroup of E(K). From [15], we have that
SQ(4) = {2, 3, 5, 7, 13}
where SQ(d) is the set of primes p for which there exists a number field K of degree ≤ d and an
elliptic curve E/Q such that the order of the torsion subgroup of E(K) is divisible by p. Thus, we
have E(K)[p∞] = {O} for all primes not in SQ(4). (Recall that E(Q)[m] ∼= Z/mZ ⊕ Z/mZ for all
m ∈ N.) We will proceed by examining the p-Sylow subgroup for each prime p = 2, 3, 5, 7, 13.
p = 2
From Lemma 3.3 we see that full 4-torsion cannot be defined over K. Thus, E(K)[2∞] ⊆ Z/2Z ⊕
Z/2mZ for some m. Notice that if E(K)[2∞] ∼= Z/2Z ⊕ Z/2mZ, then 2E(K)[2∞] ∼= Z/2m−1Z and
so E has a Q-rational isogeny of degree 2m−1. Thus, by Theorem 3.4, m − 1 ≤ 4, and so m ≤ 5.
Thus, we have that E(K)[2∞] ⊆ Z/2Z ⊕ Z/32Z.
Now, suppose E(K)[2∞] ∼= Z/2Z⊕ Z/32Z. Fix a basis {P,Q} of E[32] such that P ∈ E(K). Let
ρ : Gal(Q/Q)→ GL(2,Z/32Z)
be the Galois representation induced by the action of Galois on E[32]. Consider the image of the
subgroup Gal(Q/K) under ρ, call this image H. Notice that P σ = P for all σ ∈ H since P is defined
over K. Further, for σ ∈ H, Qσ = aP + bQ for some a, b ∈ Z/32Z. Notice however, that {16P, 16Q}
is a basis for E[2] which is contained in E(K). Thus, for all σ ∈ H:
16Q = (16Q)σ = 16Qσ = 16aP + 16bQ
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so we must have that a ≡ 0 mod 2 and b ≡ 1 mod 2. Therefore
H ⊆
{(
1 2x
0 y
)
: x ∈ Z/32Z, y ∈ Z/32Z×
}
.
Denote H :=
{(
1 2x
0 y
)
: x ∈ Z/32Z, y ∈ Z/32Z×
}
.
Now let us consider the full image of ρ, call this image G. Since E has a 16-isogeny over Q, for
any σ ∈ Gal(Q/Q) it must be that
ρ(σ) ≡
(
a b
0 d
)
mod 16.
In fact, a, d ∈ (Z/32Z)× since E[2] ⊆ E(K) and so
ρ(σ) ≡
(
1 b
0 1
)
mod 2.
Therefore:
ρ(Gal(Q/Q)) = G ⊆
{(
a b
16c d
)
: a, d ∈ Z/32Z×, b, c ∈ Z/32Z
}
.
Denote G :=
{(
a b
16c d
)
: a, d ∈ Z/32Z×, b, c ∈ Z/32Z
}
.
Suppose there exist an elliptic curve E defined over Q such that H ≤ H and G ≤ G, with H
normal in G, and G/H isomorphic to Z/4Z.
If E/Q does not have CM, then Theorem 3.16 shows that the index of G in GL(2,Z/32Z) has
index dividing 64 or 96. However,
1536 = [GL(2,Z/32Z) : H] ≤ [GL(2,Z/32Z) : H]
and since [G : H] = 4 this gives a lower bound on the index of G:
[GL(2,Z/32Z) : G] = [GL(2,Z/32Z) : H]/[G : H] ≥ 1536
4
= 384
and so such a curve does not exist.
If E/Q does have CM, then [2] gives a list of all possible isomorphism classes for E(K)tors for K
a quartic field (note that this list is for E/K not necessarily E/Q, and K is any quartic field not
necessarily cyclic quartic):
E(K)tors ∈


Z/mZ for N1 = 1, . . . , 8, 10, 12, 13, 21,
Z/2Z⊕ Z/2N2Z for N2 = 1, . . . , 5,
Z/3Z⊕ Z/3N3Z for N3 = 1, 2,
and Z/4Z⊕ Z/4Z
and notice that Z/2Z⊕ Z/32Z is not on that list.
Therefore, no such elliptic curve exists, and so E(K)[2∞] ⊆ Z/2Z ⊕ Z/16Z.
p = 3
Full 3-torsion cannot be defined over K by Lemma 3.3. By Corollary 3.11 it follows that E(K)[3∞] ⊆
Z/27Z. By Lemma 3.15, we have that E(K)[27] ∼= E(F )[27]⊕Eα(F )[27] for the quadratic interme-
diate field F ⊆ F (√α) = K for some square-free α ∈ F . The curve Eα may not be defined over Q,
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but it is certainly defined over F . By the classification of torsion subgroups of elliptic curves defined
over quadratics (Theorem 1.6), it follows that neither Eα(F ) nor E(F ) have any points of order 27.
Thus, E(K) does not have any points of order 27, and so E(K)[3∞] ⊆ Z/9Z.
p = 5
It is possible for full 5-torsion to be defined over K in the case that K = Q(ζ5). By Lemma 3.15,
we have E(K)[25] ∼= E(F )[25] ⊕ Eα(F )[25] for the quadratic intermediate field F ⊆ F (√α) = K
for some square-free α ∈ F . The curve Eα may not be defined over Q, but it is certainly de-
fined over F . By the classification of torsion subgroups of elliptic curves defined over quadratics
(Theorem 1.6), we have that Eα(F )[25] ∼= Z/5Z or 0. Similarly, E(F )[25] ∼= Z/5Z or 0, and thus
E(K)[5∞] = E(K)[25] ⊆ Z/5Z ⊕ Z/5Z.
p = 7
Again notice that we cannot have full 7-torsion defined over K by Lemma 3.3. Now, from Corollary
3.11, it follows that E(K) has no points of order 49. Therefore, E(K)[7∞] ⊆ Z/7Z.
p = 13
Again notice that we cannot have full 13-torsion defined over K by Lemma 3.3. Again, from Corollary
3.11, it follows that E(K) has no points of order 169, so in fact E(K)[13∞] ⊆ Z/13Z.

We wish to see what torsion subgroups are possible when Z/5Z ⊕ Z/5Z ⊆ E(K)tors, but notice
this is only possible when K = Q(ζ5). The following theorem of Bruin and Najman classifies all
torsion subgroups that appear over Q(ζ5):
Theorem 4.2 (Bruin, Najman, [1], Theorem 5). Let E be an elliptic curve over Q(ζ5). Then
E(Q(ζ5))tors is isomorphic to a subgroup included in Mazur’s list over Q or:
Z/15Z,Z/16Z,Z/5Z ⊕ Z/5Z.
In particular, if Z/5Z ⊕ Z/5Z ⊆ E(K)tors then, in fact, they are equal. Now we rule out torsion
points of certain order.
Lemma 4.3. Let K be a Galois cyclic degree 4 number field, E an elliptic curve over Q. Then E(K)
has no points of order 14 or 18.
Proof. Suppose E has a point of order 18 over K. By Lemma 3.5 it follows that E has a point of
order 2 over Q. From Proposition 4.1, we see that E(K)[18] ∼= Z/2Z ⊕ Z/18Z or Z/18Z. In either
case, E has a 9-isogeny over Q. Let P be a point of order 9 in E(K) and let σ ∈ Gal(K/Q). Since
E(K)[9] = 〈P 〉 it follows that P σ = aP for some a ∈ (Z/9Z)×. Thus, the orbit of P under Gal(K/Q)
has size dividing 6, and by the Orbit-Stabilizer Theorem and Galois theory, it follows that [Q(P ) : Q]
divides 6. However, since K is degree 4 over Q, and Q(P ) ⊆ K, it follows that the field of definition
of P is either 1 or 2. In either case, we have a point of order 9 and a point of order 2 in a quadratic
extension of Q, giving us a point of order 18 in a quadratic extension of Q. By Theorem 1.9, the
classification of torsion of elliptic curves defined over Q over quadratic number fields, we see that
this is impossible.
A similar proof shows that E(K) has no points of order 14 (notice |(Z/14Z)×| = 6). 
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Lemma 4.4. Let K be a Galois cyclic degree 4 number field, E an elliptic curve over Q. Then E(K)
has no points of order 21, 26, 35, 39, 40, 45, 48, 63, 65, or 91.
Proof. Notice that since full 3-torsion and full 13-torsion are not defined over K, Corollary 3.11
shows that it is impossible for E(K) to contain a point of order 39 or 91. In this proof we will make
repeated use Theorem 3.4.
n = 21
If E(K) has a point of order 21, then E(K)[21] ∼= Z/21Z. Thus, by Lemma 3.10 E has a 21-isogeny
over Q. There are only finitely many isomorphism classes of elliptic curves with a 21-isogeny over
Q. Using division polynomials, we see that none of these curves have an x-coordinate of a 21-torsion
point defined in a quadratic or quartic number field. Thus, it is impossible for E to have 21-torsion
over a quartic number field.
n = 26
If E(K) has a point of order 26, then E(K)[26] is isomorphic to either Z/26Z or Z/2Z ⊕ Z/26Z.
The first case implies the existence of a 26-isogeny over Q, which is impossible. If E(K)[26] ∼=
Z/2Z⊕Z/26Z, then by Lemma 3.5 the curve E has a 2-isogeny over Q. Further, E has a 13-isogeny
over Q. This implies there is an elliptic curve over Q with a 26-isogeny over Q, which again is
impossible.
n = 35
If E(K) has a point of order 35, then E(K)[35] is isomorphic to either Z/35Z or Z/5Z ⊕ Z/35Z.
The first case implies the existence of a 35-isogeny over Q, which is impossible, and the second case
is ruled out by 4.2.
n = 40
If E(K) has a point of order 40, then E(K)[40] is isomorphic to either Z/40Z or Z/2Z⊕ Z/40Z. In
either case, this implies a 20-isogeny over Q, which is impossible.
n = 45
If E(K) has a point of order 45, then E(K)[45] is isomorphic to either Z/45Z or Z/5Z ⊕ Z/45Z.
The first case implies the existence of a 45-isogeny over Q, which is impossible, and the second case
is ruled out by 4.2.
n = 48
If E(K) has a point of order 48, then E(K)[48] is isomorphic to either Z/48Z or Z/2Z⊕ Z/48Z. In
either case, this implies a 24-isogeny over Q, which is impossible.
n = 63
If E(K) has a point of order 63, then E(K)[63] is isomorphic to Z/63Z, but this implies the existence
of a 63-isogeny over Q, which is impossible.
n = 65
If E(K) has a point of order 65, then E(K)[65] is isomorphic to either Z/65Z or Z/5Z ⊕ Z/65Z.
The first case implies the existence of a 65-isogeny over Q, which is impossible, and the second case
is ruled out by 4.2.

We separate the next two lemmas from the above because their proofs are more involved.
Lemma 4.5. Let K be a cyclic quartic 4 number field, and let E an elliptic curve over Q. Then
E(K) has no points of order 20.
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Proof. Notice that, as a consequence of Theorem 3.10 and Lemma 3.4, it is impossible for E(K)[20] ∼=
Z/20Z. Thus, if E(K) has a point of order 20, then by Proposition 4.1, E(K)tors ∼= Z/2Z⊕ Z/20Z.
Let Q ⊂ F ⊂ K denote the chain of number fields in K, where F is the unique intermediate
quadratic number field. To prove that Z/2Z ⊕ Z/20Z torsion is impossible, we will break up the
argument into different cases based on E(F )tors and subsequently E(Q)tors.
Suppose E(K)tors ∼= Z/2Z ⊕ Z/20Z. Notice, since E(K)[5] ∼= Z/5Z we have by Lemma 3.10
that E has a 5-isogeny over Q. Kenku’s classification of Q-isomorphism classes of elliptic curves
(Theorem 3.14) states that if E has a 5-isogeny over Q, then E has at most one Q-rational subgroup
of order 2. Therefore, E(Q)[2] ⊆ Z/2Z. Further, since E(K)[2] 6= {O}, Lemma 3.5 gives that in
fact E(Q)[2] ∼= Z/2Z. Thus given that E(K)tors ∼= Z/2Z⊕ Z/20Z we have that E(Q)tors ∼= Z/2Z or
Z/10Z.
Theorem 3.13 classifies precisely how certain torsion over Q can grow in a quadratic extension of
Q. So given that E(K)tors ∼= Z/2Z⊕ Z/20Z, we have the following five possibilities for E(F )tors:
Z/2Z, Z/4Z, Z/10Z, Z/2Z⊕ Z/2Z, Z/2Z⊕ Z/10Z.
Notice that if full 2-torsion is not defined over F , then the field extension adjoining the second
2-torsion point is K = F (
√△E), which is a biquadratic extension, not a cyclic quartic extension.
Therefore we need only consider when F = Q(
√△E) and
E(F )tors ∼= Z/2Z⊕ Z/2Z or Z/2Z⊕ Z/10Z.
In either case, E(F )[2∞] ∼= Z/2Z ⊕ Z/2Z, and so E gains a point of order 4 in K. Since E(Q)[2] ∼=
Z/2Z, there exists a model for E of the form
E : y2 = x(x2 + bx+ c).
Suppose first that the point of order 4 is Q, and 2Q = P = (0, 0). By Lemma 3.6, we have that the
following are squares in K:
0,
b+
√
b2 − 4c
2
,
b−√b2 − 4c
2
.
That is, K = F (
√
b+
√
b2−4c
2 ,
√
b−
√
b2−4c
2 ) = F (
√
2b+ 2
√
m,
√
2b− 2√m) where m = b2 − 4c 6= 0
since △E 6= 0. By Lemma 3.1 we must have
(2b)2
m
− 22 = 1
and so (2b)2 = 5m. Thus m = 22 · 5 · t2 for some t ∈ Q and so b = 5t. Further, m = 22 · 5 · t2 and so
25t2 − 4c = 20t2. Thus, 4c = 5t2. Substituting t = 2s gives b = 10s and c = 5s2. That is, we obtain
a 1-parameter family of elliptic curves such that the 2-power-torsion grows:
Z/2Z→ Z/2Z⊕ Z/2Z→ Z/2Z ⊕ Z/4Z
over Q → F → K. However, all the curves in this 1-parameter family have the same j-invariant,
namely j(E) = 78608, and thus are all isomorphic over Q. Now, if one of them acquired Z/2Z⊕Z/20Z
over a cyclic quartic, then, in particular, there would be a 5-isogeny over Q for said curve. But 5-
isogenies is an isomorphism invariant property, and so the entire family of curves would posses a
5-isogeny over Q. However, we can check that Φ5(X, 78608) has no rational roots, where Φ5(X,Y )
is the 5th classical modular polynomial, so this family does not have a 5-isogeny over Q.
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Now, suppose one of the other 2-torsion points is halved. Then, 2Q = P = (−b±
√
b2−4c
2 , 0). By
Lemma 3.6 we have that the following are squares in K:
−b±√b2 − 4c
2
,±
√
b2 − 4c.
However, it is easy to see by Lemma 3.1 that the field K = F (
√
±√b2 − 4c) is not a cyclic quartic
number field. Therefore, it is impossible for E to have torsion subgroup isomorphic to Z/2Z⊕Z/20Z
over a cyclic quartic number field. 
Lemma 4.6. Let K be a Galois cyclic degree 4 number field, E an elliptic curve over Q. Then E(K)
has no points of order 24.
Proof. Notice that by a simple consequence of Theorem 3.10 and Lemma 3.4 it is impossible for
E(K)[24] ∼= Z/24Z. Thus, if E(K) has a point of order 24, then by Proposition 4.1, E(K)tors ∼=
Z/2Z⊕ Z/24Z.
Let Q ⊂ F ⊂ K denote the chain of number fields in K, where F is the unique intermediate
quadratic number field. To prove that Z/2Z ⊕ Z/24Z torsion is impossible, we will break up the
argument into different cases based on E(F )tors and subsequently E(Q)tors.
Suppose E(K)tors ∼= Z/2Z⊕ Z/24Z. Notice, since E(K)[3] ∼= Z/3Z we have by Lemma 3.10 that
E has a 3-isogeny over Q. Kenku’s classification of Q-isomorphism classes of elliptic curves (Theorem
3.14) states that if E has a 3-isogeny over Q, then E has at most four Q-rational subgroups of order
a power of 2 (including {O}).
Further, given that E(K)tors ∼= Z/2Z⊕ Z/24Z it follows that
E(Q)[2∞] ∼=


{O},
Z/2Z,
Z/4Z,
Z/8Z,
Z/2Z⊕ Z/2Z,
Z/2Z⊕ Z/4Z,
Z/2Z⊕ Z/8Z.
We can rule out Z/2Z⊕ Z/4Z because it has six subgroups of order a power of 2 and Z/2Z⊕ Z/8Z
because it has eight. We can further rule of E(Q)[2∞] ∼= Z/8Z since then E would have an 8-isogeny
over Q, and thus a 24-isogeny over Q, which is impossible. We can rule out Z/2Z ⊕ Z/2Z because
this yields four cyclic-subgroups defined over Q of 2-power order (three of order 2 and the trivial
subgroup), but since we know E(K)[2∞] ∼= Z/2Z ⊕ Z/8Z, it follows that E has a 4-isogeny over
Q, and therefore at least one more cyclic-subgroup defined over Q. Finally, Lemma 3.5 rules out
E(Q)[2∞] ∼= {O}. Thus,
E(Q)[2∞] ∼=
{
Z/2Z,
Z/4Z.
Theorem 3.13 classifies precisely how certain torsion over Q can grow in a quadratic extension of
Q. This gives the following possibilities for E(F )[2∞]:
Z/2Z, Z/4Z, Z/8Z, Z/2Z⊕ Z/2Z, Z/2Z⊕ Z/4Z, Z/2Z⊕ Z/8Z.
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Again, notice that if full 2-torsion is not defined over F , thenK = F (
√△E), and soK is a biquadratic
number field, not a cyclic quartic number field. Thus we need only consider
E(F )[2∞] ∼=


Z/2Z⊕ Z/2Z,
Z/2Z⊕ Z/4Z,
Z/2Z⊕ Z/8Z
.
Case 1: Suppose E(F )[2∞] ∼= Z/2Z ⊕ Z/2Z. Then it must follow that E(Q)[2∞] ∼= Z/2Z , and
so we have a model for E of the form
y2 = x(x2 + bx+ c).
Following an identical argument to that of Lemma 4.5, it must be that the point that is halved
in K is (0,0). We again find a 1-parameter family of curves with torsion E(Q)[2∞] ∼= Z/2Z and
E(F )[2∞] ∼= Z/2Z ⊕ Z/2Z that gains a point of order 4 in a cyclic quartic extension K all with
j-invariant 78608. We check that Φ3(X, 78608) has no rational roots, where Φ3(X,Y ) is the 3
rd
classical modular polynomial, and therefore these curves have no 3-isogeny over Q.
Case 2: Suppose E(F )[2∞] ∼= Z/2Z⊕ Z/4Z. From Theorem 3.13 we have E(Q)[2∞] ∼= Z/4Z.
Since E(Q)[2∞] ∼= Z/4Z, we have a model for E of the form:
y2 = x(x2 + bx+ c)
and F = Q(
√
m), where m = b2 − 4c, and E(Q)[4] = {O, (√c, y′), (0, 0), (−√c, y′′)}. Let P =
(d, y0) ∈ E(Q) be the point of order 4 that is halved in K (d =
√
c or −√c). Then by lemma 3.6 it
follows that K = F (
√
d,
√
2d+ 2b− 2√m,
√
2d+ 2b+ 2
√
m). Now using lemma 3.1, K is quartic
cyclic if and only if
(2d+ 2b)2
m
− 4 = 1
We see that (2d + 2b)2 = 5m so 4(d + b)2 = 5m and thus m = 22 · 5 · t2 for some t ∈ Q. Thus
b2 − 4c = 20t2. Further, d + b = 5t, and so b = 5t − d = 5t ± √c, and so (5t ± √c)2 − 4c = 20t2
simplifying to
3c± 10t√c− 5t2 = 0
or
3d2 ± 10td− 5t2 = 0.
Solving for d yields:
d =
±5t± 2t√10
3
.
Further, d 6= 0, since otherwise t = 0, implying △E = 0. So, this contradicts that d ∈ Q. Therefore,
it is impossible for E(F )[2∞] ∼= Z/2Z⊕ Z/4Z.
Case 3: Suppose E(F )[2∞] ∼= Z/2Z⊕ Z/8Z. From Theorem 3.13 we have E(Q)[2∞] ∼= Z/4Z.
Notice that since full 2-torsion is defined over F but not Q that F = Q(△E) where △E is
the discriminant of E. We may search the Rouse, Zureich-Brown database [18] for all families of
elliptic curves (without CM) whose 2-adic image satisfies E(Q)[2∞] ∼= Z/4Z and E(Q(△E))[2∞] ∼=
Z/2Z⊕ Z/8Z. These families are:
X102k, X195h, X197f, X202e, X213k, X223b, X230h, X235f
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Now, taking a representative from these families and computing the isogenies of the curve shows
that all of the curves in each of these families has an 8-isogeny over Q. But since we are assuming
E(K)[3] ∼= Z/3Z, these curves have both an 8-isogeny and a 3-isogeny over Q, thus giving a curve
with a 24-isogeny over Q, which is impossible by Theorem 3.4.
If E/Q does have CM, then [2] gives a list of all possible isomorphism classes for E(K)tors for K
a quartic field (note that this list is for E/K not necessarily E/Q, and K is any quartic field not
necessarily cyclic quartic):
E(K)tors ∈


Z/mZ for N1 = 1, . . . , 8, 10, 12, 13, 21,
Z/2Z⊕ Z/2N2Z for N2 = 1, . . . , 5,
Z/3Z⊕ Z/3N3Z for N3 = 1, 2,
and Z/4Z⊕ Z/4Z,
and notice that none of these groups have a point of order 24.
Therefore, it is impossible for an elliptic curve defined over Q to have a point of order 24 in a
cyclic quartic extension of Q.

Thus, the possible isomorphism classes for E(K)tors for an elliptic curve over Q and a cyclic
quartic number field K is a subset of
Z/N1Z, N1 = 1, . . . , 16, N1 6= 11, 14,
Z/2Z⊕ Z/2N2Z, N2 = 1, . . . , 6, 8,
Z/5Z⊕ Z/5Z.
and the examples given in the next section show that precisely all of these groups occur.
5. Examples
In this section we provide examples of an elliptic curve E defined over Q with prescribed torsion
over a quartic Galolis number field.
The first table gives an elliptic curve E defined over Q and a polynomial f such that K = Q(α)
is a cyclic quartic number field for α a root of f , and E(K)tors ∼= G for each group G appearing in
Theorem 1.3 not appearing in Mazur’s list completing the proof of Theorem 1.3.
G E f(x)
Z/2Z⊕ Z/10Z [1,0,0,-828,9072] x4 − 20x2 + 10
Z/2Z⊕ Z/12Z [1,0,0,-5557266,-3547208700] 13x4 − 26x2 + 4
Z/2Z⊕ Z/16Z [1,1,1,-5,2], 15a3 x4 − 3x3 − 6x2 + 18x− 9
Z/13Z [1, 0, 1, 266982, 42637516] x4 + 5688x3 − 187682160510x2+
3933601303888x − 6842546623573620597
Z/15Z [1,1,1,-3,1], 50b1 x4 − 10x2 + 5
Z/16Z [1,1,1,0,0], 15a8 x4 + 3x3 + 4x2 + 2x+ 1
Z/5Z⊕ Z/5Z [0,-1,1,-10,-20], 11a1 x4 + x3 + x2 + x+ 1
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Now we finish the proof of Theorem 1.2 by proving that each subgroup listed, except for Z/15Z
appears for infinitely many non-isomorphic rational elliptic curves over some quartic Galois number
field.
First, notice that, by Lemma 2.2, any group appearing infinitely often over a quadratic number
field, as in Theorem 1.9, must also appear infinitely often over quartic Galois number fields.
The following two theorems of Jeon, Kim, Lee give infinite families of elliptic curves defined over
Q that have torsion subgroup Z/4Z⊕Z/8Z and Z/6Z⊕Z/6Z, respectively, over a biquadratic field.
Theorem 5.1 ([7], Theorem 4.10). Let K = Q(
√−1,√t4 − 6t2 + 1) with t ∈ Q and t 6= 0,±1, and
let E be an elliptic curve defined by the equation
y2 + xy − (ν2 − 1
16
)y = x3 − (ν2 − 1
16
)x3,
where ν = t
4−6t2+1
4(t2+1)2
. Then the torsion subgroup of E over K is equal to Z/4Z⊕ Z/8Z for almost all
t.
Theorem 5.2 ([7], Theorem 4.11). Let K = Q(
√−3,√8t3 + 1) with t ∈ Q and t 6= 0, 1,−12 , and let
E be an elliptic curve defined by the equation
y2 = x3 − 27µ(µ3 + 8)x+ 54(µ6 − 20µ3 − 9),
where µ = 2t
3+1
3t2 . Then the torsion subgroup of E over K is equal to Z/6Z⊕ Z/6Z for almost all t.
We now prove that there are infinitely many elliptic curves defined over Q with non-trivial 13-
torsion over some cyclic quartic field.
Proposition 5.3. There exists infinitely many elliptic curves E/Q such that there exists a cyclic
quartic field K such that E(K) has a 13-torsion point.
Proof. Let ∆ = {±1,±5} ⊆ (Z/13Z)×. Let X∆(13) be the modular curve defined over Q associated
to the congruence subgroup:
Γ∆(13) :=
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ a mod 13 ∈ ∆, 13 | c
}
Then by [6] (Theorem 1.1 and Table 1), X∆(13) has genus 0. The example of the curve achieving
torsion subgroup Z/13Z over a cyclic quartic field in the Table above shows that X∆(13)(Q) (and
hence Y∆(13)(Q)) has infinitely many points. Now let (E, 〈P 〉), where E/Q and 〈P 〉 is a 13-cycle of
E, be a point on X∆(13)(Q). Consider the Galois representation
ρ : Gal(Q/Q)→ GL(2,Z/13Z)
induced by the action of Galois on a basis {P,R} of E[13]. Then we have, for any σ ∈ Gal(Q/Q),
ρ(σ) =
(
ϕ(σ) ∗
0 ∗
)
Let K be the field of definition of P . Notice that kerϕ = Gal(Q/K), and so in particular we have
Image ϕ ∼= Gal(K/Q). By our choice of ∆ it must be that for any σ ∈ Gal(Q/Q),
P σ ∈ {±P,±5P}.
Thus, σ acts on 〈P 〉 by multiplication by an element of order dividing 4. In fact, there must exist a
σ ∈ Gal(Q/Q) that acts on 〈P 〉 by an element of order exactly 4, since otherwise Image ϕ has size
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2 or 1, implying that the degree of K over Q is 2 or 1. However, by Theorem 1.9 it is impossible
for an elliptic curve over Q to have a 13-torsion point defined over a quadratic number field. Thus,
Gal(K/Q) ∼= Image ϕ ∼= {±1,±5} ∼= Z/4Z, and the proposition is complete. 
The group Z/5Z⊕Z/5Z appears for infinitely many non-isomorphic curves over the cyclic quartic
field Q(ζ5), shown in Theorem 1.1 of [5].
Finally we show an infinite family of elliptic curves such that there exists a biquadratic number
field K with E(K)tors ∼= Z/2Z⊕ Z/16Z using the construction given in [3] Section 5.
Proposition 5.4. Let E be the elliptic curve given by y2 = x(x+(t2−1)4)(x+(2t)4), where t > 1 is
an integer, and K = Q(
√
t(t2 − 1),
√
(t2 − 1)(t2 + 1)(t2 + 2t− 1)). Then E(K)tors ∼= Z/2Z⊕Z/16Z.
Proof. The curve E fulfills the criteria put forth in [3] Section 5 Case 1.(II) with u = t2 − 1,
v = 2t, and w = t2 + 1. Notice that
√−1 6∈ K because, since t > 1, K is totally real. Therefore
E(K)tors ∼= Z/2Z ⊕ Z/16Z. 
Finally it remains to be remarked as to why Z/15Z only appears finitely often as the torsion
subgroup of rational elliptic curves over quartic Galois number fields. This follows from Lemma
3.10 and the fact that there are only finitely many j-invariants of elliptic curves over Q having a
Q-rational15-isogeny.
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